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 Interaction between moving two atoms and nonlinear optical ﬁeld (deformed ﬁeld).
 Entanglement using concurrence and negativity measures for a class of special cases of a two-qubit system.
 Entanglement sudden death (ESD) and entanglement sudden birth (ESB).
 Effects of the different parameters on the entanglement measures.
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a b s t r a c t
We present a new kind of interaction between two two-level atoms and optical ﬁeld initially in deformed
bosonic coherent states. Using the concurrence and negativity as measures of entanglement, we
investigate the nonlocal correlation between atom–atom and atom–ﬁeld in terms of the parameters
involved in the whole system. We report some important results related to this new kind of interaction
such as sudden death, sudden birth, and entanglement stabilization.
& 2013 The Authors. Published by Elsevier B.V.
1. Introduction
Entanglement is some kind of correlations between two or
more quantum systems [1]. The nonlocal nature of entanglement
has also been identiﬁed as an essential resource for many novel
tasks in quantum information processing such as quantum tele-
portation [2], superdense coding [3], quantum cryptography [4,5]
and quantum metrology [6]. These quantum-information tasks
cannot be carried out by classical resources and they rely on
entangled states. This recognition led to an intensive search for
mathematical tools that would enable a proper quantiﬁcation of
this resource. In particular, it is of primary importance to test
whether a given quantum state is separable or entangled.
Different entanglement measures and quantiﬁers have been used
for the pure and mixed states such as concurrence [6,7], entanglement
of formation [8], negativity [9,10] and Fisher information [11–13]. In
this way, the concurrence and negativity are used as good entangle-
ment measures for a mixed state, the von Neumann entropy has been
proposed for pure state entanglement [14], all these measures are
used to test whether a given quantum state is separable or entangled.
Also, some interesting physical phenomena are observed as a result of
entanglement measure, such as entanglement sudden death (ESD)
and entanglement sudden birth (ESB) [15].
Over the last two decades much attention has been focused on the
properties of the Jaynes Cummings model (JCM) for moving an atom.
Some theoretical efforts have been stimulated by experimental pro-
gress in cavity QED. In addition to the experimental drive, there also
exists a theoretical motivation to include the atomic motion effect to
JCM because its dynamics become more interesting. Considering the
motion of the atoms, the TJCM model with two moving atoms has
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been investigated [16] and the authors have shown that the ESD and
ESB [17] have also been experimentally observed for entangled photon
pairs [18] and the atom ensembles [19], in addition the entanglement
of two moving atoms interacting with a single-mode ﬁeld via a three-
photon process is also investigated [20].
Quantum groups (QGs) have been introduced as a natural
extension of the notion of coherent states and interpreted as
nonlinear harmonic oscillators with a very speciﬁc type of the
linearity [21,22]. A q-deformed harmonic oscillator was deﬁned in
terms of q-boson annihilation and creation operators, the latter
satisfying the quantum Heisenberg–Weyl algebra [23] which plays
an important role in QG. The deformed coherent states have been
used to describe a large class of quantum systems prepared from
several potentials (by a proper choice of the q-deformed para-
meter) such as inﬁnite, modiﬁed Pöschl–Teller, Morse potentials
[24] and from the ﬁnite range potentials [25].
Over the last two decades, there have been several experimental
demonstrations of nonclassical effects. Some important physical con-
cepts of corresponding coherent states exhibit many nonclassical
properties such as photon antibunching, sub-Poissonian photon
statistics and squeezing (for a review see Ref. [26]). It has been
experimentally observed that the real laser, bunched and antibunched
light possesses a photon number statistics which can be super-
Poissonian or sub-Poissonian. The physical importance of the
deformed coherent states lies in the fact that they offer the best
description for non-ideal physical devices such as lasers [27] (i.e. real
lasers). The deformation parameter plays then the role of a tuning
parameter deﬁning how far the realized device is from the ideal one.
Here, we are going to investigate the interaction between two
identical or symmetric two-level atom and nonlinear deformed
ﬁeld in the rotating wave approximation. We examine the effects
of the deformation and atomic motion parameter on the dynami-
cal properties of the von Neumann entropy and concurrence. Our
main goal in this case is to answer the question “Do these
parameters have a real effect on the entanglement between two
atoms and nonlinear deformed ﬁeld?”
The paper is organized as follows: in Section 2, we present the
model of the nonlinear deformed ﬁeld and moving two atoms and
calculate the atomic density matrix. In Section 3, we present the
numerical results and discuss the different effects on the dynamics of
the system entanglement. Finally, we summarize the main results in
Section 4.
2. Model and its dynamics
In this section, we consider the model of the interaction between a
nonlinear deformed ﬁeld F and symmetric moving two two-level
atoms A, B with energy levels denoted by jþ 〉j and j〉j, where j 〉 is
the lower level and jþ〉 is the upper level of jth two-level atom i.e.
j¼A, B atom. The interaction Hamiltonian H^ I of the system in the
rotating-wave approximation (RWA) can be written as
H^ I ¼ gðtÞ ∑
2
j ¼ 1
ða^qS^
ðjÞ
 þ a^qS^
ðjÞ
þ Þ; ℏ¼ 1 ð1Þ
where a^q (a^
†
q) is the annihilation (creation) operator of the deformed
ﬁeld mode. The operators S^
ðjÞ
þ ðS^
ðjÞ
 Þ and S^
ðjÞ
z are the usual raising
(lowering) and inversion operators for jth two-level atom, respectively.
We deal with the one-dimensional case of atomic motion of the
cavity axis and denote by g(t) the shape function of the cavity ﬁeld
mode [28,29]. A realization of particular interest is gðtÞ ¼ ðpπvt=LÞ
in the presence of atomic motion i.e. pa0, and gðtÞ ¼ λ in the
absence of atomic motion pa0, where v denotes the atomic
motion velocity and p stands for the number of half wavelengths
of the mode in the cavity. We restrict our study for the atomic
motion for the cavity length L along the z-direction. Also, we
consider the atomic motion velocity as v¼ λL=π which leads to
g1ðtÞ ¼
Z t
0
gðτÞ dτ¼
1
p
½1 cos ðpλtÞ for pa0
λt for p¼ 0
8><
>: ð2Þ
Now, let us assume that the two atoms are initially in the upper
state (i.e. θ¼ 0) and maximally entangled quantum state or Bell
state (i.e. θ¼ π=4). While the ﬁeld in the deformed bosonic
coherent states jα〉q
jΨ ABF ð0Þ〉¼ ð cos θjþ ; þ 〉þ sin θj ;  〉Þ  jα〉q; ð3Þ
here jα〉q is the deformed bosonic coherent states are coherent
states that are constructed using a formally analogous scheme as
the one allowing the construction of the Glauber coherent
states starting from the Heisenberg–Weyl algebra. These states
are deﬁned as the eigenstate of the annihilation operator of a
q-deformed bosonic ﬁeld a^q
jα〉q ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expq½α2
q ∑1
n ¼ 0
αnﬃﬃﬃﬃﬃﬃﬃﬃﬃ½nq!p jn〉; ð4Þ
where, we have considered qAR, and the deformed expq is
deﬁned as
expq½x ¼ ∑
1
n ¼ 0
xn
½nq!
: ð5Þ
The function expq is a deformation version of the usual exponen-
tial function. They become coincident when q is the identity.
Notice that expq½xexpq½yaexpq½xþy and ½expq½xaaexpq½ax,
i.e. we have a non-extensive exponential which can be found in
many physical problems [31,32].
In this paper we assume that the deformation can be achieved
using the following function [30]:
½nq ¼
qnqn
qq1 ; ð6Þ
and the q-factorial is deﬁned as
½nq!¼ ½nq½n1q    ½1q; ½0q!¼ 1: ð7Þ
The wave function jΨ ðtÞ〉 at any time t40 takes the form
jΨ ðtÞ〉¼ ∑
1
n ¼ 0
ψ1ðn; tÞjþ ; þ 〉jn〉þψ2ðn; tÞjþ ;  〉jnþ1〉
þψ3ðn; tÞj ; þ 〉jnþ1〉þψ4ðn; tÞj ;  〉jnþ2〉: ð8Þ
The coefﬁcients ψ jðn; tÞ, j¼1,2,3,4, are obtained from solving
the Schrödinger equation (iℏ∂jΨ ðtÞ〉=∂t ¼ H^ IjΨ ðtÞ〉), where H^ I is
given by Eq. (1). The explicit expressions for these coefﬁcients in
the classical limit q-1 are given by
ψ1ðn; tÞ ¼
Qn
n!ðnþ2Þ!þ½ðnþ1Þ!2 cos θ½n!ðnþ2Þ

þ½ðnþ1Þ!2 cos ðgðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p
Þ
þðnþ1Þ!
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n!ðnþ2Þ!
p
sin θ½ cos ðgðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p
Þ1;
ψ2ðn; tÞ ¼ψ3ðn; tÞ
¼  iQnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p sin ðgðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p
Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ1
p
cos θþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ2
p
sin θ
n o
;
ψ4ðn; tÞ ¼
Qn
n!ðnþ2Þ!þ½ðnþ1Þ!2 sin θ½n!ðnþ2Þ! cos ðgðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p
Þ
n
þ½ðnþ1Þ!2
þðnþ1Þ!
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n!ðnþ2Þ!
p
cos θ½ cos ðgðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4nþ6
p
Þ1:
The atomic density matrix ρ^ABðtÞ can be written as follows:
ρ^ABðtÞ ¼ TrF ðjΨ ðtÞ〉〈Ψ ðtÞjÞ; ð9Þ
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where
ρii ¼ ∑
1
n ¼ 0
jψ iðn; k; tÞj2; i¼ 1;2;3;4 ð10Þ
are the atomic occupation probabilities of the levels jþ ; þ 〉; jþ ;  〉;
j ; þ 〉 and j ;  〉; respectively, and the other elements of the
atomic density matrix are given by
ρ12 ¼ ρ13 ¼ ∑
1
n ¼ 0
ψ1ðnþ1; tÞψ n2ðn; tÞ;
ρ14 ¼ ∑
1
n ¼ 0
ψ1ðnþ2; tÞψ n4ðn; tÞ; ρ23 ¼ ∑
1
n ¼ 0
jψ2ðn; tÞj2;
ρ24 ¼ ∑
1
n ¼ 0
ψ2ðnþ1; tÞψ n4ðn; tÞ; ρ34 ¼ ∑
1
n ¼ 0
ψ3ðnþ1; tÞψ n4ðn; tÞ;
ρil ¼ ρnli: ð11Þ
In the following section, we shall investigate numerically the
effect of the deformation and atomic motion parameter on the
dynamical behavior of the von Neumann entropy, concurrence and
the atomic population probabilities ρjjðtÞ (j¼1,2,3,4).
3. Quantum and classical quantiﬁers
Due to the crucial role of entanglement in quantum information
processes, the study of entanglement has attracted a lot of interest in
recent years. Among various studies on entanglement, the ﬁrst
question which may be asked is how to know that a quantum state
is entangled.
3.1. von Neumann entropy
For a pure bipartite state, the Schmidt decomposition [33] can
be used to judge whether the state is entangled and the degree of
entanglement can be quantiﬁed by partial von Neumann entropy.
We use the von Neumann entropy to measure the entanglement
between two two-level atoms and nonlinear optical ﬁeld. The
expression of the von Neumann entropy takes the form [34]
S¼ Trðρ^ ln ρ^Þ ð12Þ
This is zero for all pure states, i.e. for states that satisfy the
condition ρ^2 ¼ ρ^, where ρ^ is the density operator describing a
given quantum state. For this reason, this entropy cannot distin-
guish between various pure states, and it is rather a measure of the
purity of quantum states. For the system under consideration i.e.
ρ^ ¼ ρ^AB, the von Neumann entropy can be written as
SABðtÞ ¼  ∑
4
j ¼ 1
ηjðtÞln ηjðtÞ; ð13Þ
where ηjðtÞ are the eigenvalues of ρ^ABðtÞ.
3.2. Concurrence
Entanglement is a very fragile phenomenon, and it is quickly
deteriorated when the quantum system interacts with the
environment, so, knowing the evolution of entanglement of a
quantum system is of vital importance for the quantum infor-
mation processing. The time evolution of entanglement for a
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Fig. 1. The time evolution of the (a) von Neumann entropy SAB (solid line) (dashed line) and (c) atomic population probabilities ρe1e2 (solid line) and ρg1g2 (dashed line) for
two two-level atoms interacting with a single-mode and the two atoms are initially in upper state θ¼ 0 at α¼ 5, and q¼1, when the atomic motion parameter is neglected.
(b, d) the same as (a, c) but the two atoms are initially in the entangled state for θ¼ π=4.
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composite system has been widely studied in recent years [35].
A lot of discussion has been devoted to the problem of
disentanglement of a composite system in a ﬁnite time in the
presence of dissipation, despite the fact that all the matrix
elements of the system decay only asymptotically, i.e. when
time goes to inﬁnity. Yu and Eberly [36,37] coined the name
entanglement sudden death to the process of ﬁnite-time
disentanglement. Entanglement sudden death has recently
been conﬁrmed experimentally [38]. On the other hand, the
entanglement can also be created during the evolution or one
can observe revival of the entanglement as well as entangle-
ment sudden birth [39–41].
It is well known that, both concurrence and negativity are
considered as the optimal measure to quantify the atom–atom
entanglement. The concurrence of the two atoms based on the
atomic density matrix ρ^ABðtÞ is given by
CABðtÞ ¼maxf0;
ﬃﬃﬃﬃﬃ
μ1
p  ﬃﬃﬃﬃﬃμ2p  ﬃﬃﬃﬃﬃμ3p  ﬃﬃﬃﬃﬃμ4p g; ð14Þ
where μi are the eigenvalues of the non-Hermitian matrix
ρ^ABðtÞ ~ρðtÞ and listed in decreasing order of ρ^ABðtÞ ~ρðtÞ, while ~ρðtÞ
is the spin-ﬂipped state of density operator ρ^ABðtÞ:
~ρðtÞ ¼ ðs^y  s^yÞðρ^ABðtÞÞnðs^y  s^yÞ; ð15Þ
where ðρ^ABðtÞÞn is the conjugate of ρ^ABðtÞ in the standard basis of
two qubits and s^y is the Pauli spin operator. The concurrence has
zero value i.e. CABðtÞ ¼ 0 for unentangled atoms, whereas CABðtÞ ¼ 1
for the maximally entangled atoms.
4. Numerical results and discussion
In this section, we present the numerical results of the von
Neumann entropy, concurrence and atomic population probabil-
ities based on Eqs. (13), (14) and (10) respectively. In this case, we
aim to examine the effect of different parameters such as the
initial atomic position θ, the deformation parameter q and the
atomic motion parameter p on the entanglement measured by von
Neumann entropy and concurrence. In all ﬁgures, we have
considered the mean photon number n ¼ 25 and we recall that
the time t has been scaled; one unit of time is given by the inverse
of the coupling constant λ.
We start our discussion when the interaction system is in the
classical limit q-1, in this case, the deformed coherent states are
equivalent to the high-amplitude of the optical coherent states. In
Fig. 1(a), we plot the time evolution of SABðtÞ and CABðtÞ as functions
of the scaled time λt. The ﬁrst eye catching here, CABðtÞ and NAB(t)
convey the same information for all cases under consideration.
Also, there is an opposite monotonic relation between the beha-
vior of CABðtÞ and SABðtÞ. In other words, the entanglement between
two atoms is maximum, but the entanglement with the ﬁeld is
minimum, vice versa at 0rλtr19π=2. When the time goes on i.e.
λtZ19π=2, one can see that both CABðtÞ and SABðtÞ take chaotic
behavior. In Fig. 1(c), we investigate the dynamics of the atomic
population probabilities ρe1e2 (solid line) and ρg1g2 (dashed line),
we can see that the amplitude of oscillations is decreased during
the time evolution and the populations in the excited state are
equal to the ground state i.e. ρe1e2 ¼ ρg1g2 at λtC3π=4.
By setting the initial atomic position θ¼ π=4, the two atoms are
initially in maximally entangled state (Bell state). It is observed
that there is a monotonic behavior between CABðtÞ and SABðtÞ, and
there exists death of entanglement between two atoms at the
time interval 0rλtr4π. On the other hand it is noticed that
the entanglement sudden death and birth for concurrence
decrease with the time evolution λt, and we can say that the state
of the system is entangled in the interval 0rλtr20π. Also, both
CABðtÞ and SABðtÞ take chaotic behavior at λtZ20π (see Fig. 1(b)).
Here, the sudden vanishing of entanglement is due to its ﬂow
from one subspace to other ones. This phenomenon of the ﬂow
between various spaces was discussed in Refs. [39,40] in the
absence of dissipation.
From Fig. 1(d), we can see that the amplitude oscillations for
populations ρe1e2 , ρg1g2 are from 0 to 0.5, and ρe1e2Cρg1g2 at
0rλtr4π. We found that there is death entanglement between
two atoms when ρe1e2Cρg1g2 .
Now, we discuss the inﬂuence of the deformation parameter on
the evolution of quantum entanglement for the system under
consideration. First, we consider that the atomic motion parameter
is neglected. In order to study the effect of the deformation
parameter, we take the ﬁeld in a deformed bosonic coherent state
and the deformation parameter q¼2 and consider the case in
which the two-atoms start in their upper states (θ¼ 0) in Fig. 1(a,
c) and Bell state (θ¼ π=4) in Fig. 1(b,d). In Fig. 2(a,c), we display
CABðtÞ and SABðtÞ versus the scaled time λt for the deformation
parameter q¼2, while keeping the parameter θ ﬁxed at the value
θ¼ 0. It is seen that as q¼2, i.e. it gets farther from the
undeformed q limit, both CABðtÞ and SABðtÞ increase rapidly at short
time and maintain a random behavior with very rapid oscillatory.
This means that the amount of entanglement of the ﬁeld-two
atoms state is very sensitive to the nonlinear optical ﬁelds. On the
other hand, it is observed that there is a monotonic relation
between the behavior of CABðtÞ and SABðtÞ when the two atoms
are initially in the entangled state (see Fig. 2(a,b)).
Fig. 3 depicts important situation of the interaction between
the ﬁeld and two atoms. In this considered case, we examine the
inﬂuence of the atomic motion parameter on the dynamical
behavior of the quantum entanglement between two atoms and
ﬁeld. It is noticed that the above situation has completely changed
in the presence of atomic motion. It is noticed that both SABðtÞ
and CAB(t) involve a regular and periodic behavior. The system
return to a separable state i.e. SABðtÞ ¼ CABðtÞ ¼ 0, at the periodic
time λt ¼ 2mπ (m¼ 0;1;…). The maximum entanglement
between the two atoms and ﬁeld appears at λt ¼ ð2mþ1Þπ where
SABðtÞ ¼ 1 and ρe1e2 ¼ ρg1g2 (Fig. 4).
In Fig. 3(b), the atom–atom entanglement is maximum at
CABðtÞ ¼ 1 and the entanglement with the ﬁeld is minimum at the
periodic time λt ¼ 2mπ, this fact returns to the initial state of two
atoms (Bell state). The ESD and ESB of the system happen in a
periodic manner through the range of time interval ð2mþ1Þπ
εrλtr ð2mþ1Þπþε.
Now, we focus some light for more practical and real situations.
In other words, we discuss the case of interaction between moving
two atoms (the coupling constant depends on the time) and
deformed nonlinear ﬁeld. We observe that both of the populations
and entanglement measures exhibit a periodic behavior by which
the system returns to separable state (SABðtÞ ¼ 0) at the periodic
time (λt ¼ 2mπ for θ¼ 0) and half of periodic time (λt ¼mπ for
θ¼ π=4). On the other hand the maximum entanglement between
two atoms with the ﬁeld corresponding to the atom–atom disen-
tanglement appears around ð2mþ1Þπεrλtr ð2mþ1Þπþε,
when the atoms are initially in the upper states, while the
opposite when the atoms are initially in the Bell state. In this
case, we can conclude that the deformation maximizes the
entanglement between two atoms with the ﬁeld and minimizes
the atom–atom entanglement when θ¼ 0 vice versa for θ¼ π=4.
5. Conclusion
We investigated the dynamics of the entanglement of moving
two atoms interacting with the nonlinear deformed bosonic ﬁeld
including the effect of different initial parameters. Using the
concurrence we have studied the entanglement evolution of the
S. Abdel-Khalek et al. / Physica E 57 (2014) 35–4138
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Fig. 2. The time evolution of the (a) von Neumann entropy SAB (solid line) (dashed line) and (c) atomic population probabilities ρe1e2 (solid line) and ρg1g2 (dashed line) for
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neglected. Fig. 1(b, d) the same as Fig. 1(a, c) but the two atoms are initially in the entangled state for θ¼ π=4.
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atom–atom and atom–ﬁeld system in terms of the initial state setting,
atomic motion effect, and deformation phenomenon. In this case, we
have considered two distinct cases of the dynamics of atomic
population probabilities and entanglement measures, when the
atomic motion parameter is neglected (i) and considered (ii). In case
(i), the populations are very sensitive to the q-deformation parameter
values of the ﬁeld and their behavior is not dependent on the initial
state setting of the atom in the presence of the nonlinear bosonic
ﬁelds. For the entanglement phenomenon, the entanglement depends
heavily on the q-deformation parameter. In the limit q, after an initial
change, the entanglement goes to stabilization behavior with very
rapid oscillatory for signiﬁcantly large values of the scaled time.
When q = 2, the entanglement increases and tends to chaotic behavior
as the scaled becomes inﬁnitely large. In case (ii), we have observed
that the population probabilities and different entanglement measures
present the same periodicity of the dynamics for each value of the
q-deformation parameter with increasing oscillation amplitudes as
the q-deformation parameter gets farther from 1. In this case, the
entanglement dynamics subject to the same periodicity like the
population one with sudden death and sudden birth phenomena.
Realistic quantum systems are not closed, which causes the rapid
destruction of crucial quantum properties. Therefore, the unavoidable
interaction between a quantum system and its environment, under-
standing the dynamics of different entanglement measures may
stimulate great interest. In this way our results show that some new
important and interesting features such as ESD and ESB can be
obtained when the two atoms are initially in the entangled state.
We have found that the system becomes separable i.e. at the periodic
time, our results show that the interaction between two atoms and
ﬁeld in the presence of atomic motion provides a much richer
structure than the absence of the atomic motion parameter. Also, an
important future investigation will be the study of the effect of
decoherence of the dynamics of the entanglement between the
deformed ﬁeld and two atoms considering the phase damping.
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